We calculate the ratios E2/M1 and C2/M1 for the electroproduction of the ∆(1232) in the region of photon virtuality 0 < −q 2 < 1 GeV 2 . The magnetic dipole amplitude M1 is also presented. The theory used is the chiral quark-soliton model, which is based on the instanton vacuum of the QCD. The calculations are performed in flavor SU(2) and SU(3) taking rotational (1/N c ) corrections into account. The results for the ratios agree qualitatively with the available data, although the magnitude of both ratios seems to underestimate the latest experimental results.
Introduction
In recent years there has been a renewed interest in measurements of electroproduction amplitudes of low lying baryon resonances, mainly due to favourable conditions offered by the new facilities performing (e,e ′ π) experiments like MAMI (Mainz), ELSA-ELAN (Bonn), LEGS (BNL), Bates (MIT) and the Jefferson Laboratory (Newport News). Many theoretical calculations were done in parallel to this experimental activities. Particular theoretical emphasis has been put in the study of the transition amplitudes in the electroproduction of the ∆(1232) which in some cases extended previous calculations restricted to photoproduction. This paper reports such a theoretical calculation and a close comparison with recent experimental data. We present the ratios E2/M1 and C2/M1 and their momentum dependence for the electroprodution of the delta in the chiral quark-soliton model [1] (χQSM), generalizing the work of ref. [2] to the flavour SU(3) of the model and considering electroproduction processes.
Similar calculations for the electroproduction of the ∆ were carried out in the framework of other models: quark models [3, 4, 5] , chiral models such as the σ-and chromodielectric models [6] , the Skyrme model [7] , the cloudy bag model [8] and also in heavy baryon chiral perturbation theory [9] , with a recent work [10] extending it. Calculations using other models [11, 12, 13] have also been performed.
In the framework of the simplest quark model, the process γ * N → ∆ procceds through the spin flip of one of the quarks, which translates into a non-vanishing magnetic dipole transition and vanishing quadrupole transition amplitudes. However, experimentally, the quadupole amplitudes are found to be non-vanishing, although small when compared to the magnetic dipole amplitude. This feature caused intensive discussions on the structure of the nucleon, the delta and the transition density. For, to accomodate these noticeable ratios of the (electric or coloumb) quadrupole to the (magnetic) dipole amplitudes, charge deformations due to d-state admixtures in nonrelativistic and relativized models have been invoked for an explanation. Recently, it has been estimated [14] in photoproduction, that the proper consideration of two-body exchange currents alone can give raise to nonvanishing quadrupole amplitudes. Considering both d-state admixtures and two-body exchange currents, larger ratios for quadrupole to dipole amplitudes are predicted in the constituent quark model, yielding numbers which are close to the values obtained in models with a pion cloud [6, 7, 8] or with a polarized Dirac sea [2] (present work), where no such admixture of d-sates is required to predict relatively large quadrupole amplitudes.
2 The chiral quark-soliton model
The Lagrangian
The χQSM is a fully field theoretical model based on the following quark-meson Lagrangian (for a review see [1] and references therein)
Here ψ characterizes the constituent quark field and U γ 5 designates the pseudoscalar chiral field
restricted to the chiral circle, with U given by
in the case of SU (2) . In SU(3), we assume the usual embedding of SU(2) in SU(3) [1] :
is the current masses matrix of the quarks and M is the dynamical quark mass which results from the spontaneous symmetry breaking. The Lagrangian (1) corresponds to a non-renormalizable theory. The model is constructed from the above Lagrangian together with a regularization prescription. In this work, we use the proper-time regularization. The parameters of the model are the constituent quark mass, M, the current quark masses,m = (m u + m d )/2, neglecting isospin breaking, the strange quark mass m s and the proper-time regularization cut-off Λ. The constituent quark mass M is the only free parameter in the baryonic sector, the others beeing fixed in the meson sector by reproducing the meson masses and decay constants. The details of the determination of the parameters and the numerical procedures are given in [1] .
The framework in which expectation values are computed in the chiral quark-soliton model relies on functional integration methods. The baryon expectaction values of quark currents,ψOψ, O being some matrix with spin and isospin indices, can be expressed as a functional integral [15] , through
Here the baryonic state is created from the vacuum by the current J † B , which is constructed from N c quark fields ψ αf ,
The α i are color indices, f i represents both flavor and spin indices and Γ {f } B is a matrix that carries the quantum numbers of the baryonic state B. In (2), the functional integrals over the fermion fields can be performed exactly, contrary to the integral over the meson fields. It is relatively to this integration that N c , the number of colors, has the significant role of systematic expansion parameter justifying, in particular, the saddle-point approximation for that integration. In this mean-field approximation, the baryon can be pictured as a dense system of N c weakly interacting quarks in the Hartree approximation.
The saddle point solution of (2), chosen with hedgehog symmetry, is obtained, after integrating out the quarks, by solving the equation
The energies refer to the spectrum of the Dirac one-particle hamiltonian
and the equation is solved in a finite quasi-discrete basis [16] by an iterative self-consistent procedure. This classical solution is a soliton with baryon number one, characterized by a static localized field configuration, U c , with hedgehog form
where the profile function of the soliton F (r) satisfies F (r) → 0 as r → ∞ and F (0) = −π.
Collective Quantization
However, the solution described above does not have the quantum numbers of a baryon because the hedgehog soliton U c (x) breaks the translational, rotational and isorotational symmetries of the action. The proper baryonic quantum numbers are obtained by restricting, in the path integral, the U field configurations to time dependent fluctuations of the field U c along the zero modes. This is achieved using
where A(t) is a unitary time-dependent SU(2) or SU(3) rotation matrix in flavour space and X(t) the parameter of a translation. The large amplitude fluctuations correspond to the global symmetries of the action and can be treated in the path integral formalism, being equivalent, in the end, to a collective quantization of the soliton. When the quarks are integrated out in (2) the result splits in two parts: a valence contribution,
and a Dirac sea contribution,
The operatorD, in this context, is given bỹ
in which D = ∂ τ + h(U c ) and δm = m −m. Following [1] , only the real part of the fermionic determinant is regularised according to the substitution
where φ(u, 1/Λ i ) → 1 when Λ i → ∞ and whose dependence in Λ i is implemented by θ functions.
After the correct time ordering is taken into account in the functional integral, collective coordinates are introduced by the formal replacement A †Ȧ → Ω a t a , where t a is the group generator. Since the angular velocities Ω a are of order 1/N c , one is allowed to consider Ω a in (7) as a perturbation and to evaluate any observable as a perturbation series in Ω a , which is taken to be the most important part of a 1/N c expansion. After that, are the Ω a promoted to spin operators [17] : Ω a → J a /I 1 , for a = 1, 2, 3; Ω a → J a /I 2 , for a = 4, · · · , 7, which fulfill the SU(3) algebra without corresponding to any symmetry;
, which is a constrint on the physical states. Here, I 1 and I 2 , both O(N c ), are the moments of inertia of the soliton, defined in [15, 17] . In SU(3) the results are treated, relatively to the quantization, following the symmetric approach of [18] .
Electroproduction of the ∆
Now we turn to the problem of the ∆ electroproduction. One should note here, that in the present formalism the ∆ is a bound state which corresponds to a soliton rotating in flavour space. Hence it is as stable as the nucleon and does not decay in nucleon and pion without strong modification of the model. The reference frame in which we chose to compute the nucleon to ∆ transition amplitude is the rest frame of the ∆. The kinematics is then specified by the nucleon (E N , −q) and photon (ω, q) four momenta. In terms of the photon virtuality, Q 2 = −q 2 , one can further write
The helicity transversal (A λ ) and scalar (S 1/2 ) amplitudes are defined by
and
where ξ +1 = −1/ √ 2(1, +i, 0), λ = 1/2, 3/2 and Q is the charge matrix. In eq.s (9,10), the replacement of 1/ √ 2ω by 1/ 2ω(q 2 = 0) is made, following [13] . The longitudinal amplitude is not explicitly written since it is related to the scalar one through current conservation.
These amplitudes can be multipole expanded, leading to the following multipole quantities relevant for ∆ electroproduction:
These quantities are now in a form suitable to be calculated in the model applying the formalism described above. The final expressions for the quadrupole electric and scalar multipole quantities are:
with the density G (Ω 1 ) (r) given by
In these expressions it is easely seen that the leading (Ω 0 ) term vanishes both in SU(2) and SU(3), or, in other words, that the quadropole amplitudes are zero at the leading order of the 1/N c expansion.
Within the present treatment of SU (3), characterized by the usual embedding, the only difference between SU(3) and SU(2) comes from the collective parts, which are given, in SU(2), by
µν (A)ψ N (A) , standing ∆ and N for the spin and isospin quantum numbers of the baryonic state with
whereas, in SU(3),
Qa is a shorthand for
)λ a , which comes from the rotation of the charge matrix Q in SU(3) flavor space, AQA † = D
Qa λ a . It can also be noted that, in SU(3), the contribution containing the unpolarized strange quark one-particle states vanish, which is not the case for M M 1 SU(3) , below. As for the the magnetic dipole quantities, we obtain
r||n ,
These expressions include regularization functions originating from (8) and given by
except for R M , which is not a regularization function,
The irreducible operators are
In the expressions above: |n and ε n are eigenstates and eigenvalues, respectively, of the hamiltonian (4), h(U c ) |n = ε n |n ; |n andε n are the corresponding eigenvectors and eigenvalues for the free Dirac hamiltonian, h(1), h(1) |n =ε n |n . These states appear in the expressions above since it is through them that the propagators in (5,6) are expressed.
Results for E2/M1 and C2/M1
The ratios E2/M1 and C2/M1 are calculated exactly in the way described in the previous section. They are related to the multipoles (11-13) through
The ratios are calculated for a constituent mass M of 420 MeV, which, after reproducing masses and decay constants in the mesonic sector, is the only free parameter left to be fixed in the baryonic sector. For M we chose the canonical value of 420 MeV for which the chiral quark-soliton model is known to reproduce best (and well!) nucleon observables, like non-transitional form factors, both in SU(2) [19] and SU(3) [20] . The ∆ is also well described within exactly the same framework. In particular, the nucleon-∆ mass splitting, is well reproduced [1] , supporting the above procedure adopted in calculating observables.
In (7), the δm term is often treated perturbatively in this model. Such a perturbative expansion in δm was not performed in the present paper since it was found in many calculations in the χQSM that, usually, the linear corrections O(δm) are small [1] , as e.g. in the case of tensor charges and magnetic moments [21] . Only for very sensitive quantities directly related to the strange content of the nucleon has the inclusion of the term δm an effect larger than about 10 percent.
In this calculation, because we aim to study the electroproduction at low Q 2 , no correction for relativistic recoil effects was taken into account. We expect such effects to become important around and above 1 GeV 2 and, accordingly, our results to become less accurate towards this value of Q 2 and higher ones. Our results for the ratios are presented in Fig.1 and in Fig.2 . A first comparison allowed by these figures with the available experimental data, allows us to conclude that the negative signs obtained for these two ratios are in agreement with the present experimental trend, that confirms this sign. For the ratio E2/M1, we obtain values, at the photon point, of −2.1 % and −1.4 %, in SU(2) and SU(3), respectively. A comparison with −2.5 ± .5 %, estimated by the Particle Data Group [24] on the basis of recent photoproduction experiments [25] , reveals that our results are smaller, but that the SU(2) value still falls within this estimate. Our prediction for finite momentum transfers yields values which are similar to those at the photon point and roughly in agreement with the preliminary data [26] .
For a direct comparison of our numbers with the above data we must take into account that in our formalism the delta is a stable state, which does not decay into nucleon and pion (unless the formalism is developed further which is not done yet). Hence the model allows to calculate the real parts of the transition amplitudes, but not the imaginary ones. Furthermore the extraction of the resonance contribution from the experimental data is not so easely performed and is still a matter of debate. The difficulties are related, among others, to the background contributions [30] originating from the Born term. This question of separating the contributions to the amplitudes has been adressed by several authors [31] and in some cases the non-resonance contributions were found to be large. An unitary ambiguity is known to exist in the case of the E2/M1 ratio [32] , related mainly to the models necessary to extract the resonance contribution. A status report concerning the latest determinations of E2/M1 can be found in reference [33] . Speed-plot techniques [34] result in E2/M1-ratios of about -3.5%, which are larger than those quoted above [24] .
Concerning the comparison with other models, values for the ratio E2/M1 at the photon point, obtained in the context of electroproduction studies, range from −0.2 % in a relativized quark model [5] to −3.5 % (Re E2/M1) in the context of heavy baryon chiral perturbation theory [10] , passing through −1.8 % in the chiral chromodielectric model and −1.9 % in the linear sigma model [6] , −2.3 % in the skyrme model [7] and −2.4 % (Re E2/M1) in the chiral bag model [8] . Although the comparison between models may help to understand the physical reasons for the observed ratios, it is also necessary to take into account that different ingredients are involved in the different model calculations above. The models more suitable for a comparison with the χQSM are the constituent quark model and the Skyrme model, between which the χQSM is supposed to interpolate in the limits of small and large soliton sizes, respectively. Indeed, we find that our results at the photon point are between the value of −0.2 % [5] for the constituent quark model and the values in the range −2.6 % to −4.9 % [35] obtained in the Skyrme model. It is interesting to note that subsequent and supposedly more refined calculations in these models decrease the difference in the predictions: −3.5 % [14] for the constituent quark model (in photoproduction) and −2.3 % [7] in the Skyrme model. The numerical results obtained in [14] show also the importance of the pionic degrees of freedom, both when compared with previous results in the constituent quark model and with the χQSM and the Skyrme models above, which already include such degrees of freedom from the very beginning, to different extents, though. The role of the meson degrees of freedom may explanain the lower value obtained in SU(3) as compared to SU (2) . It may be caused by the poor description of the kaon cloud since the embedding of SU(2) in SU(3) imposes a pion tail for the soliton giving the kaon too large an importance.
For the ratio C2/M1, a comparison made in the same spirit as above for E2/M1, reveals that this ratio slightly underestimates the data above Q 2 = 0.3 GeV 2 , where other models [6, 7] obtain a better agreement. Nevertheless, our results are closer to experiment than [3] and [5] , where one should note that the quark model results of [4] are positive. As for values of Q 2 between 0 and 0.3 GeV 2 , experimentally the situation is not clear. While some old [27] and more recent [29] data seem to show a strong peaking structure around 0.15 GeV 2 , more recent results [26, 28] still show a clear decrease of C2/M1 however less pronounced with values similar to those observed for Q 2 > 0.3 Gev 2 . As far as we known, no model predicts such a peaking structure. Instead, our results of a smooth growth with Q 2 of the magnitude of the ratio C2/M1 agree with most of the other models [3, 5, 6, 7, 8, 10, 12] , in the range of Q 2 smaller than 1 GeV 2 studied. The multipole amplitude M1 is shown in Fig. 3 . It underestimates the data and the situation does not improve by considering the SU(3) case, mainly due to the embedding. This can be traced back to the model since it also underestimates other magnetic-type observables. In fact, there are indications that there may be some limit up to which observables like magnetic moments can be calculated in the model, in particular due to the hedgehog form of the meson fields [21] .
Summary and Conclusions
The photo-and electroproduction of the ∆(1232) have been investigated in the chiral quark-soliton model through the computed transition ratios, E2/M1 and C2/M1. The three (four) parameters of the model in SU(2) (SU(3)) were adjusted to the pion decay constant, the pion mass (kaon mass) and from a general fit to nucleon properties.
No parametrization adjustment to nucleon-delta transitions was considered. Both ratios E2/M1 as well of C2/M1 are found to be negative for all momentum transfers, as indicated by experiment. The value of E2/M1 at q 2 = 0 underestimates the most recent experimental points by 30 % if one compares the numbers directly. This is the accuracy of the calculations also for finite momentum transfers. Strong fluctuations of C2/M1 at small momentum transfers, as found in some experiments, are not seen in the present approach. Generally the SU(3) calculations do not improve the SU(2) results.
